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ABSTRACT: A method using machine learning (ML) is proposed to describe metal growth
for simulations, which retains the accuracy of ab initio density functional theory (DFT) and
results in a thousands-fold reduction in the computational time. This method is based on
atomic energy decomposition from DFT calculations. Compared with other ML methods, our
energy decomposition approach can yield much more information with the same DFT
calculations. This approach is employed for the amorphous sodium system, where only 1000
DFT molecular dynamics images are enough for training an accurate model. The DFT and
neural network potential (NNP) are compared for the dynamics to show that similar structural
properties are generated. Finally, metal growth experiments from liquid to solid in a small and
larger system are carried out to demonstrate the ability of using NNP to simulate the real
growth process.

Machine learning and neural networks have been rapidly
applied to many fields, including physics, medicine,

biology, and chemistry.1−5 It is now also widely attempted in
materials science simulations.6−9 Nevertheless, the field is still
in its relative infancy, with many tests to be done and many
areas to be explored. One major area is crystal growth. While a
machine learning force field has been tested to predict ground-
state properties extensively, there is a relative scarcity of
reports using it to study nonequilibirum systems and
phenomena like crystal growth. At the current stage, the
metal crystal growth simulations can be divided into two major
categories: one based on ab initio density functional theory
(DFT), and the other based on semiempirical interatomic
potentials or force fields (FFs), such as Stillinger−Weber
potentials (SW) and the embedded atom method (EAM).10−13

The choice of these methods depends on the consideration of
accuracy and computational cost. Although high accuracy is
the advantage of DFT calculation, it is often limited to the size
of a few hundred atoms because of its high cost and O(N3)
scaling. On the other hand, although it is relatively easy to
simulate a system with thousands of atoms using FFs, its
accuracy is not guaranteed. Very often, the empirical FFs are
fitted to the macroscopic properties, e.g., the solid−liquid
transition temperature, but the atomic level microscopic forces
might not be correct, which can lead to an erroneous
microscopic growth mechanism when compared to reality.
The machine learning force field has a potential to bridge

the size gap between DFT simulation and the need for realistic
growth simulation. It can retain the accuracy of DFT
calculations at its atomic level, while still being capable of
simulating systems with thousands of atoms. This is an
intensely studied field. Currently, there are different
approaches and different ML force fields, including generalized

symmetry functions potential,14 smooth overlapping of atomic
potentials (SOAP),15 bag of bonds (BoB) potential,16

Gaussian approximation potentials (GAP),17 deep tensor
neural networks (DTNNs),18 AGNI force field,10 and deep
potential molecular dynamics (DeePMD),19 just to mention a
few. Among these methods, Behler developed the original
high-dimensional neural network potential (HDNNP) model
which is most extensively used today.20 All these potentials first
map the local atomic structures into a set of features, which are
rotational and permutational invariants. This set of features is
then used as the input to fit the ab initio energy of the center
atom. It is always assumed that the total energy of the whole
system is a sum of the atomic energy, although the to-be-fitted
atomic energy is actually unknown from an ab initio
calculation. This significantly increases the uncertainty and
also makes the training process nontrivial. It has been argued
that using the total energy and the atomic forces alone might
lead to an erroneous force field.21 Thus, energy decomposition
is a better method. For instance, Nakai proposed a method
using the Hirshfeld partition for atomic partitioning.22

In this work, we applied our recently developed single-atom
neural-network potential (SANNP) to the crystal growth of
liquid Na. In the SANNP, during our DFT calculation, a
procedure is used to decompose the total energy of the system
into the atomic energy of each atom. We have shown that such
atomic energy depends only on the local atomic environment;
thus, it is amenable to ML training. However, SANNP has not
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been tested for crystal growth, which involves nonequilibrium
properties like the diffusion rate and barrier heights. It is thus
interesting to test such applications for SANNP. In addition,
because of the availability of our atomic energy, we also take
this opportunity to see how many DFT calculations are needed
to fit a good SANNP in our approach. After all, one promise of
ML-FF is to have a much faster turn-around time for force field
development. Therefore, being able to train the force field
quickly is essential.
Na metal is a relatively simple system. Such simple systems

can usually be described well with the embedded atom method
(EAM) force field. This allows us to compare our SANNP
results with EAM results for large systems. Recently there has
been renewed interest in Na metal. One application is for a Na
battery because of the abundance of Na element (compared to
lithium). The biggest challenge for a Na battery is its anode.
Because there is no intercalation material for Na (unlike the
graphene−Li anode), one possibility is to use Na metal.
However, the Na metal has a serious platting issue, much
worse than the Li metal anode. Thus, understanding the
microscopic mechanism of Na crystal growth is critical. The
liquid-to-solid growth is the simplest form of such Na crystal
growth; thus, it is chosen as our testing ground for SANNP.
We first carry out DFT molecular dynamics (MD) simulations
for liquid and solid amorphous Na for the hundred-atom
systems. This is then used to fit the SANNP. The fitted
SANNP is then used to simulate liquid-to-solid crystal growth
for large systems, and the results are then compared with EAM
results.
The SANNP is a two hidden layers neural network model

developed by Huang et al.,23 which has been tested for Si. In
this work, we focus on the metal element system Na. Much like
HDNNP,20 and most other models, in SANNP the total
energy of a given system is assumed to be the simple sum of
each atomic energy, Etot = Σi Ei. The difference from other
models is that, in the DFT calculation, we have developed a
procedure to decompose the total energy Etot into the atomic
energy Ei. Thus, in this approach, the Ei is known. As a result,
the energy data set is expanded by N times under the same
DFT calculation, where N is the number of atoms in the DFT-
calculated supercell, ranging from 100 to 300. Because the
energy of the center atom depends on its neighbors for about
60 atoms, it will be problematic to use systems with less than
60 atoms (that will prevent the exploration of different local
configurations). We thus use DFT systems that are a little bit
larger than 60 atoms (e.g., around 100−300 atoms). The extra
number of atoms will provide the buffer to reduce any
correlation for the center 60 atoms. The force is also used in
training, but only after the energy Ei is first trained; thus, a
converged NN is already in shape. This is useful because the
force training is much more complicated, more expensive, and
more difficult to converge. In SANNP, a new set of features is
also deployed. This set involves the pair feature, as well as
three atom triangle features. As a result, the total number of
features is around 300−400, which is larger than the numbers
in other typical force fields (which is often on the order of 50−
100). This increased number of features also requires more
training data, which is provided by the decomposed atomic
energy.
In the traditional classical force field, physical intuition is

used to construct the energy terms, with parameters fitted to
experiments or ab initio data. In ML, a much larger number of
parameters are employed to flexibly fit any function, as used for

the neural network. The meaning of these parameters is often
difficult to explain; one can even think about the ML model as
a high-dimensional interpolation scheme.24 Thus, big data is an
intrinsic component of such an approach. We first use the
PWmat25 to carry out ab initio MD and to get the decomposed
atomic energy for every MD step. For the energy
decomposition, the DFT calculation accuracy is similar to
usual DFT MD calculations. For example, we typically require
the self-consistent field (SCF) charge density relative error to
be 1.0 × 10−3, which is the same as for usual MD simulations.
Sometimes, to play it safe, we have set the criterion to be 1.0 ×
10−4. However, that only increases the typical SCF steps per
MD step from 2−3 steps to 4 steps. These data are then used
in the training of NN weight and bias, using the back-
propagation scheme for lost function derivatives, as imple-
mented in the TensorFlow package. The whole training
flowchart is shown in Scheme 1.

Our initial DFT-calculated system is a periodic box with 256
sodium atoms. The atoms run in four different temperatures
(300, 500, 700, and 900 K) each for 1000 steps, and then the
training data is taken in one snapshot for every four MD steps.
This is equal to taking 250 steps from every temperature, so we
have a set of 1000 DFT configurations. In this 1000 DFT data,
800 sets of data are used as the training set, while 100 points
are used as a validation set, and 100 points are used as the
testing set. In order to provide an uncorrelated testing and
validation set, the last 200 snapshots are used as validation and
testing set. The above four different temperatures cover the
range of sodium melting, from solid to liquid. Figure S1 shows
the total energy (Etot), the sum of atomic energies (Σi Ei), and
their differences at different temperatures.
In the training set, the results of the 800 DFT configurations

correspond to 204 800 atomic energies and 614 400 atomic
forces. According to the above training procedure, we get the
test data with 100 configurations. The comparisons in atomic
energies and forces are shown in Figure 1a,b. Indeed, because
x, y, and z directions are kind of equivalent, we have removed
the y and z directions for force in Figure S2. The potential
calculated by the SANNP is close to the DFT results. The root
mean squared error (RMSE) in Ei and Fi is approximately
around 20 meV and 0.04 eV/Å in the test set; detailed data can
be found in Table S1. Although we do not directly train against
Etot, Etot

2 is related to Ei
2 by ΔEtot

2 = ΣΔEi2 (assuming no
correlation between atoms, the explanation is shown in Figure
S3.). The RMSE of the total energy per atom is thus

Scheme 1. Steps in Construction of Machine Learning
Potentials

The Journal of Physical Chemistry Letters pubs.acs.org/JPCL Letter

https://dx.doi.org/10.1021/acs.jpclett.9b03780
J. Phys. Chem. Lett. 2020, 11, 1364−1369

1365

http://pubs.acs.org/doi/suppl/10.1021/acs.jpclett.9b03780/suppl_file/jz9b03780_si_001.pdf
http://pubs.acs.org/doi/suppl/10.1021/acs.jpclett.9b03780/suppl_file/jz9b03780_si_001.pdf
http://pubs.acs.org/doi/suppl/10.1021/acs.jpclett.9b03780/suppl_file/jz9b03780_si_001.pdf
http://pubs.acs.org/doi/suppl/10.1021/acs.jpclett.9b03780/suppl_file/jz9b03780_si_001.pdf
http://pubs.acs.org/doi/suppl/10.1021/acs.jpclett.9b03780/suppl_file/jz9b03780_si_001.pdf
https://pubs.acs.org/doi/10.1021/acs.jpclett.9b03780?fig=sch1&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpclett.9b03780?fig=sch1&ref=pdf
pubs.acs.org/JPCL?ref=pdf
https://dx.doi.org/10.1021/acs.jpclett.9b03780?ref=pdf


⟨Δ ⟩
=

⟨Δ ⟩
∼

⟨Δ ⟩E

N

N E

N

E

N
i itot

2 2 2

Thus, the RMSE of the total energy per atom is a factor of

N1/ ( ) smaller than the average RMSE of each individual

atom. In our metal system, N = 256 ( N1/ ( ) approximately
around 0.0625), so the RMSE of the total energy is around 1−
3 meV/atom. This is consistent with many other reported
errors in the literature.23 This shows that, with our procedure,
we can get a highly accurate force field with a relatively small
number of DFT configurations. Note that, in previous
literature,20 especially to fit the neural-network model,
sometimes tens of thousands of configurations are used. Our
test demonstrates that decomposed atomic energy can be very
helpful in terms of force field training.
Although the SANNP model is close to the DFT results, it is

still necessary to compare DFT and SANNP for molecular
dynamics simulation to guarantee that similar dynamic
behaviors are reproduced. We choose NVE simulations to

run the same system (256 sodium atoms) with SANNP at a
temperature of 800 K. It is demonstrated that the energy is
conserved, and the temperature fluctuates around 800 K in
Figure 2a. Mean square displacement (MSD) and pair
distribution function (PDF) are good quantities to represent
the atomic diffusion and atomic structure of the system. MSD
is directly related to the diffusion constant; we have used the
Einstein equation to get the diffusion constant 0.00133 Å2/fs.
In Figure 2b,c, these curves of DFT and SANNP agree well,
which demonstrates that the SANNP can be used to replace
DFT to describe the dynamic behavior of the Na system.
We next apply the SANNP model to simulate the crystal

growth from melt liquid. We first use the same periodic box
with 256 sodium atoms in order to compare with DFT results.
We fix the middle part and let other atoms move in 600 K, this
results in the initial model of Figure 3a. Then, we separately
use SANNP and DFT to simulate metal growth. The results
are shown in panels b and c of Figure 3 for SANNP and DFT,
respectively. Both SANNP and DFT grow into full crystal
structure around 3200 fs, showing similar behavior and similar
growth rate. SANNP has the advantage of speed. The
calculations use the NVIDIA Titan X GPU as a computer
resource. SANNP uses 1 GPU, and it takes 0.066 s per MD
step for the SANNP calculation for 256 atoms. Running 8000
steps to get the crystal structure takes only about 9 min. DFT
uses 4 GPUs, and for the same calculation using DFT, it takes
about 27 h. The difference will become even greater for larger
systems as the SANNP scales linearly to the size of the system,
while the conventional DFT algorithm scales as O(N3).
To compare with the SANNP and DFT results, we have also

carried out the crystal growth simulation using the embedded
atom model (EAM) as implemented in Lammps.26 For
metallic systems, EAM is widely believed to be the best
classical potential.27 It has been widely used for metallic study,
including growth. We note that, under the same initial and

Figure 1. Comparison between DFT and SANNP for the test set with
100 configurations. (a) Comparison of DFT and SANNP atomic
energies in the test set. (b) Comparison of DFT and SANNP forces in
the test set.

Figure 2. Dynamic behavior at 800 K. (a) Energy and temperature. Comparisons of mean square displacement (b) and pair distribution function
(c) between DFT and SANNP.
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temperature conditions, the time to reach the full crystal in the
EAM simulation is around 1000 fs (compared to the 3200 fs
used by both SANNP and DFT). Second, as shown in Figure
3d, the final structure is much more rigid than that of SANNP
and DFT. To plot the bond, a 3.8 Å cutoff is used. As one can
see, using such a cutoff for SANNP and DFT results, we can
find additional bonds, as well as missing bonding from a
perfect BCC structure. Thus, no matter what cutoff is used,
there are always such imperfections (missing or additional
bonds). To illustrate this difference more quantitatively, we
have calculated the bond length and bond angle distributions
for comparison. The results are shown in Figure 4a−c for bond
lengths and Figure 4d−f for bond angles. In the EAM data, the
distribution is narrower; this indicates that the crystal is more
rigid. A more striking difference comes from the angle
distribution. We see the pattern is different, showing a higher
resolution for the angle due to smaller lattice fluctuations. In
comparison with DFT and EAM simulations, the SANNP is
much faster than DFT and much more accurate than EAM.
Thus, using SANNP represents a new approach to studying the
dynamic behavior of metallic systems.
For the larger system, we have built a new periodic system

with 1536 sodium atoms. In the beginning, some atoms are in
the crystal phase, while others are in a disordered liquid phase.

This can thus be used to study the nucleation process. This
structure for the initial model is shown in Figure 5a. The
experimental Na solid−liquid transition temperature is at Tc =
370 K. We set the temperature to 50 K, corresponding to an
overcooled liquid. We then run the molecular dynamics
simulation for 8000 steps. It can be found that (Figure 5b)
there is already significant crystal growth after 2000 fs. In some
covalent bonding crystals (e.g., Si), the growth usually happens
along a surface step (e.g., one additional layer extended from
one side of the surface to another side). We note that the
growth happens not along with any surface steps, but directly
grows in the surface normal direction along with large
fluctuation. This is in agreement with previous metal crystal
growth simulation results. Figure 5c shows the final crystal with
SANNP after completed growth around 4000 fs. The final
crystal with EAM is also shown in Figure 5d. The EAM result
is more regular, and it takes only 1200 fs to complete the
growth, more than 3 times faster than the SANNP result. We
thus found a significant difference between SANNP and EAM
behavior. Given the similarity between the SANNP and DFT
growth in smaller systems, it will thus be much more accurate
to use SANNP to study the crystal growth (e.g., defect and
dislocation formation) in the future.

Figure 3. (a) Initial model of SANNP before simulation. Comparison among SANNP (b), DFT (c), and EAM (d) for metal growth simulation.

Figure 4. Comparison among SANNP (a and d), DFT (b and e), and EAM (c and f) for bond lengths and bond angle distribution.
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In summary, we tested the SANNP method for a Na system,
in particular, applying it to melt Na crystal growth. We found
that the DFT calculation with energy decomposition can
provide an efficient way of training SANNP. One thousand
configurations are sufficient to provide enough data to fit the
SANNP potential. The fitted SANNP compares well with the
DFT result in both its atomic energy and force, as well as the
dynamic behavior of the systems: the mean square displace-
ment, the pair distribution function, and the crystal growth
speed. On the other hand, the SANNP simulation is hundreds
of times faster. We have also applied the SANNP to larger
systems to simulate the crystal growth, and we compare that
with EAM results. We found that there are significant
differences between SANNP results and EAM results, in
terms of crystal fluctuations as well as the crystal growth rate.
Overall, we expect ML potentials like SANNP can serve as
powerful tools to study the nonequilibirum dynamic behavior
of metals in the future.
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